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1 Introduction 

The superalgebra s£(2\l) O, [Q] appears in various quantum systems as underlying their 
symmetry and dynamics. Finite-dimensional representations describe spin states. For ex- 
ample, a lattice site which is allowed to be empty or occupied by an electron with the two 
spin states ±^ , but not by two electrons, corresponds to the three-dimensional fundamen- 
tal representation. Chains consisting of sites carrying the fundamental representation with 
integrable short-range interaction have been constructed. The Hamiltonian of t — J model 
is obtained from the transfer matrix of the integrable model based on the three dimensional 
fundamental representation of s£(2|l) 0, |p^| . The superalgebra s£(2|l) has a series of four- 
dimensional representations parametrized by a parameter b ^ ±i. Integrable models built 
from R-matrices defined on tensor products of two different four-dimensional representations 
have been considered in ||, ||, ||. 

The simplest integrable chain structure is the homogeneous periodic spin chain; most appli- 
cations make use of this case. There exist some important modifications. 
The construction of open spin chains is well known 1T0] . The treatment of integrable in- 



homogeneous spin chains is more involved. An integrable model has been constructed [11] 
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in view of the relevance for systems with impurities and in particular for the Kondo effect. 
The representations of s£(2\l) accommodate s£(2) representations of spin s and s ± | and 
allow in this way to construct chains with mobile impurities [[T^]. 

The integrable chains turn out to describe approximately the effective interaction in four- 
dimensional gauge theories in the Regge limit [|n|], [14| and in the Bjorken limit |l~5| ]. Un- 
like the above examples here the sites carry infinite-dimensional representations of s£(2) 
accommodating all the momentum states of reggeons and partons. Besides of the case of 
homogeneous periodic chains also the case of open chains is encountered both in the Bjorken 
limit |l7| and in the Regge limit IS]. A particular s£(2\l) representation of interest are 
the infinitesimal conformal transformations in one dimension together with their twofold 
supersymmetric extensions. This symmetry applies to the Bjorken limit of four-dimensional 



supersymmetric Yang-Mills theory at least up to one loop [19], |20(1 . This means, the one-loop 
renormalization of quasipartonic composite operators can be obtained by s£(2\l) symmetric 
pairwise interactions of partons, the states (light-cone momenta, helicity,fermion number) 
of which form an infinite-dimensional lowest weight module of this algebra. 
In the present paper we consider the algebra s£(2\l), its lowest weight modules and con- 
struct on this basis the solutions of the Yang-Baxter equation, i.e. the R-matrix acting 
on the tensor product of two those modules. R-matrices acting on tensor products of two 
fundamental s£(2| ^-representations and of two four-dimensional representations have been 
constructed in the above mentioned papers 0, ||, ||], ||]. General integrable models based 
on R-matrices acting on tensor product of two arbitrary finite-dimensional atypical(chiral) 
representations of s£(2|l) have been constructed quite recently [21] by generalizing the known 
approach |2^] from s£(2) to the case of s^(2|l). 

We propose the alternative approach and generalize these results. Motivated by possible 
applications to the Bjorken limit in QCD, we represent the lowest weight modules by poly- 
nomials in one even (z) and two odd (6,6) variables. The general R-matrices are in fact 
operators acting on two-point functions, i.e. (polynomial) functions of two sets {z\,Q\,Q{) 
and (z2, 62,62) representing the tensor product. We construct the R-operators acting on 
the tensor product of two arbitrary (finite or infinite-dimensional) s£(2|l)-modules. This is 
done by calculating the two-point eigenfunctions of the lowest weight and the eigenvalues of 
the R-operator. 

From the particular result for arbitrary but isomorphic representations we derive the in- 
tegrable nearest neighbour interaction Hamiltonian for homogeneous periodic chains with 
sites carrying arbitrary isomorphic representations. 

In the case of s£(2) there exist integrable nearest neighbour interactions in open chains 
homogeneous inside but with arbitrary different representations corresponding to the end 
points [16]. We extend this result to the case of s£(2\l) and construct the corresponding 
Hamiltonians. 

The presentation is organized as follows. In Section 2 we introduce definitions and summa- 
rize the standard facts about the superalgebra s£(2\l) and its representations. We represent 
the lowest weight modules by polynomials in one even (z) and two odd variables (6,6) and 
the s£(2|l)-generators as first order differential operators. 

In Section 3 we derive the defining relation for the general R-matrix, i.e. the solution of the 
Yang-Baxter equation acting on tensor products of two arbitrary representations, the ele- 
ments of which are polynomial functions of (z\, 6\, 6\) and (z2, 62,62)- We solve this defining 
relation in the space of lowest weights. 

In Section 4 we construct the local integrable Hamiltonians in the simplest case of homoge- 
neous periodic chain carrying arbitrary isomorphic representations on the sites. 
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In Section 5 we construct the local integrable Hamiltonians for the open chain with arbitrary 
isomorphic representations inside and other arbitrary representations at the end points. 

Finally, in Section 6 we summarize. Appendix A contains some technical details of 
calculations. In Appendix B we give the expression for the R-matrix acting in the tensor 
product of chiral modules. In Appendix C we discuss shortly the case of finite-dimensional 
representations and show that obtained general R-matrix reduces to the known ones |§ for 
the tensor product of modules with minimal dimensions. 

2 Algebra s£(2\l) 

2.1 Commutators and Casimir Operators 

The superalgebra s£(2|l) has eight generators: four odd y^,!-^ 1 * 1 and four even ones 5,5 
and B. The commutation relations have the following form ]l]]: anticommutators 

{V ± , y*} = ; {V ± , V T } = ; {W ± , W*} = ; {W ± , W T } = 

{V ± , W±} = ±S ± ; {V ± , W T } = -S±B, 

commutators 

[5,5 ± ] = ±S ± ; [S + ,S-] = 25 
[5,5*1 = 0; [B,S] =0; [S ± ,V ± ] = 0) [5*^ = 

[B^] = ~V± ; [B,W±\ = ; [5,y±] = ±~V± ; [5, W±] = ±±W ± 

[5* V=F] = V ± ; [S*,^] = w ± . 

These generators are linear combinations of the generators Eab of the superalgebra g£{2\l) 
The commutation relations for the nine generators of g£(2\l) can be written compactly in 
the form: 

[Eab,E C d] = ScbEad - (-) {A+B)(C:+D) 5 ad Ecb 
where the graded commutator is defined as: 

[Eab,E C d] = E AB ■ E CD - (-) {A+B){C+D) EcD ■ E AB 

The indices A, B,C,D = 1, 2, 3 and we choose the grading:! = 3 = 0; 2 = 1. The connection 
between both sets of generators is the following: 

5 = E 3 i ; W~ = —E 2 \ ; V~ = E 32 

S + = E13 ; W + = E23 ; V + = E12 

11 1 1 

S = 2^11 - 2^33 5 B = —-^Eu - E22 — 2^ 33 (2.1.1) 

In the fundamental representation all generators e A B of gi{2\l) are 3 x 3-matrices and the 
basis in the space of these matrices can be chosen in the standard way: 

(cab) cd = 5ac$bd ; ^ab^cd = ^cb&ad ( 2 -l- 2 ) 
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In the fundamental representation the generators W^, V^ 1 , S , S, B have the form: 
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(2.1.3) 



There exists a simple construction for the central elements of the enveloping algebra of 
g£(2\l) The first step is the construction of covariant operators: suppose we have two 

(i) 

covariant operators Vqq, i.e. operators which have the following commutation relations with 
generators 



[Eab,V<%] = 5 CB V& - (-r +B ^5 AD V^ B ; , 

It is easy to check that operator V AB = J2c(~ ^^ac^ob ^ s a ^ so covariant. This simple ob- 
servation allows to construct covariant operators using generators Ecd as simplest building 
blocks. The second step is the construction of a central element from the covariant opera- 
tor: for any covariant operator Vcd the operator V = J2c Vcc belongs to the center of the 
algebra 

[E AB ,V]=0. 

Repeating this construction we obtain central elements K n , n = 1, 2, 3... [Q] for the envelop- 
ing algebra of g£(2\l): 



r(») 



1,2. 



K 1 = Y,Eaa ; K 2 =J2(- 

A AB 



E AB E BA ; K 3 = {-f +C E AB E BC E CA ; ... (2.1.4) 

ABC 



The eight generators of algebra sl{2\l) may be introduced by defining: 

£ab = E AB - S AB (-) B ^E AA 



(2.1.5) 



£31 = S~ ; £21 = 
£13 = S ; £"23 
£11 = B — S ; £22 r 



.4 

-W- ; £32 
W + ■ £ 12 = 
-IB ; £33 = 



= V~ 

v + 

B + S. 



It can be verified that generators £ AB satisfy the same commutation relations as E AB : 

[£ab,£cd] = S C b£ad - (-) {A+b){C+D) Sad£cb 

There exists only one restriction for the Cartan generators: £"11 + £22 + £33 = and the 
independent eight generators can be chosen in the form (2.1.1). 

The center of algebra s^(2[l) is generated by Casimir operators C n , n = 2,3... We shall 
use only two of them: 



Co 



2! ^ 



3 £ab£ba = S 2 -B 2 + S + S- + V + W~ + W + V~ 



(2.1.6) 



AB 



5 



= ^ E = i?(5 2 - J B 2 )+ J B5 + < S- + | J B(y + ^- + ^ + y)+ (2.1.7) 



ABC 



- v + w + )s~ + - w~v~) + -{s - i)(v + w~ - w + v-). 

2.2 Global form of superconformal transformations 

We represent the generators as first order differential operators, acting on the space of 
polynomials <&(z, 9, 9). Lowering(decreasing the polynomial degree) operators have the form 



S- = -d ; V~ = d e + ^98 ; W~ = 8 B + ^98 
and generate the following global transformations 

e xs ~<f>(z;9,9) = &(z - \;9,0), 



(2.2.1) 



(2.2.2) 



e eV <S>(z-9,9) = $ [ z + ^;9 + e,9 I ; e eVV ~${z; 9, 9) = $ ( z + ^; 9, 9 + e ) . 



e9 



eW~ 



e9 



Rising(increasing the polynomial degree) operators 



V + = - 



zd e + X -9zd + X -99d e 



-(£- b)9 ; W A 



zd s + l -9zd+ l -99d 5 



S+ = z 2 d + z9d e + z9d § + 2fc - b99, 
generate the global transformations 

-b 

e xs+ <Z>(z;9,9) 



- {I + b)9, 
(2.2.3) 



1 + 



99X 



9 



9 



e eV+ $(z;9,9) ■■ 
e eW+ $(z;9,9) 



{l-\z) {l-\z) n \l-\z' 1- \z' 1-Xz) ' 
1 „ ( z 9-ez A 



1 



{1 + eOy+b- , 
Two remaining elements of the Cartan subalgebra: 



1 + 



1 + 



s = zd+ l -9d e + hd- e + i- B= l -9d s -hd e + b 

generate the transformations: 

e xs $(z; 9, 9) = e ex $ (e x z; eh, e$9) 

e XB 3>{z; 9, 9) = e bX <$> (z; e~U, ef #) 

We use a natural convention here and assign scaling dimension one and [/(l)-charge zero to 
the even variable z and the scaling dimension \ and [/(l)-charge ^\ to the odd variables 9 
and 9. 
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2.3 s£(2|l)-lowest weight modules 

The lowest weight s£(2|l)-module Vg^ = Vy , I = (£, b) is built on the lowest weight vector 
tp obeying: 

= ; W~i/) = ; S~iJ> = ; Sip = ; Bi/) = 

In generic situation £ 7^ ±6 the module is characterised uniquely by the action of the Casimir 
operators on its elements: 

C 2 v = {£ 2 - b 2 )v ■ C 3 v = b{£ 2 - b 2 )v ■ v G V e , b 

It is a vector space spanned by the following basis Q, [|| with the even vectors 

A k = (5+) fc V ; B k = {S + ) k - l w + v + ip , kez + 

and the odd vectors 

V k = (S + ) k V + i; ; W k = {S + ) k W + ^ , keZ + 

We shall use the above realization of the s£(2|l)-generators as the differential operators of 
first order acting on the infmite-dimensional(for generic £) space Vg t b of polynomials &(z, 6, 6) 
of variables z, 6, 9. 

It is easy to obtain the expression for the coherent states e xs+ ifj , e xs+ W + V + ifj and 
e xs+ V + tjj , e xs+ W + ip for the lowest weight tp = 1 using the formulae of the previous 
section. They are the generating functions , the power expansion in A of which produces the 
basis: 



A k = (2£) k 



V k 



Bk 



21 

b)(2£ + l) k z k 8 ; W k 



21 



-{2£) k 



z k +[b + £ + 



k 



Jfc-lz 



(2.3.1) 



+ b)(2£ + l) k z k 9 ; (2£) k = 



T(2£ + k) 
Y{2£) 



It is useful to introduce the subspaces of functions with definite chirality. Let us define for 
this purpose two operators called supercovariant derivatives: 



d + = -d e + ^ea ; d- = -a s + \ea 

and two subspaces V ib = kerZ' ± n Vg^'- 

$(z, 9, 6) G V+ ${z, 9, 0) = ${z + ,0 + ) ; z + = z + 

$(z,6,0) G V e ~ b $(z,0,6) = $O_,0_) ; z_=z- 



(2.3.2) 



I : the generic case the chiral subspaces V^ b are not s^(2|l)-invariant ones. Indeed, the 
operators have the following commutation relations with s^(2|l)-generators: 



± 0-1 



{D ± , V-} = 0; {D ± , W-} = ; [D ± , S 

[D ± ,S] = 1 -D ± ; [D±,B) = T l ~D± 
{D + , V + } = 6D + ■ {D + , W + } = £ + b; [D + , S + ] = (£ + b)0 + z+D' 



(2.3.3) 
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{D~, V + } = £-b; {£)-, W + } = 9D~ ; [D~, S + ] = (£ - b)6 + z-D~ , 

and it is easy to see that chiral subspaces V t \ are s£(2|l)-invariant only under the condition 
I = =f6. In this case the whole module Vg : ±£ has definite chirality Vg t ±g = V^_f 

D~v = , veV e/ ; D + v = , v E Vt,-t- 

The notions of chirality and chiral representations are used here as they are common in super- 
symmetric field theory. In the mathematical literature about superalgebra representations 
generic representations are called typical and chiral representations are called atypical 0. 
There exist some special values of I: £ = —n ; n E \%+ , for which the module Vg^ becomes a 
finite-dimensional vector space 0, @. Indeed it is evident from ( gX| ) that all b asis vectors 
are equal zero for k > n + 1. There are three cases depending on the relation between b and 
n. The first case is for generic 6(typical representations): b ^ ±n ; dimV^n^ = 8n 



1 , $ 



2n 



Z + —t 

2n 



2n 



± 



0...2n - 1 



The second and third case appears for b = ±n and here the representation spaces have 
definite chirality (atypical representations). 



±n ; V- nt ± n = V_ n ; dim F_ n ,± n = 4n + 1 



4 , jfe = 0...2n ; *^ = 6»±4 , fc = 0...2n - 1 



Let us introduce the special notation for the fundamental s^(2|l)-module: 



V_i _i 

2 ' 2 



Vf , f = (— 2> — f )■ in the basis 
/ 1 



ei 



; e 2 




; e 3 



•1 




the s^(2|l)-generators take their fundamental form (2.1.3). 



2.4 Tensor products of two s£(2|l)-modules 

The tensor product of two s^(2|l)-modules has the following direct sum decomposition S: 

oo oo oo 

V hM V hM = V t>b + 2 £ Ve+n,b + E V t+n+\,b-\ + E Vr t+ I,6+I 5 4 ^ ±^ t 2 - 4 - 1 ) 

n=l n=0 n=0 

£ = ^ + £ 2 ; 6 = bi + 6 2 

Note that this formula is applicable in the generic situation ^ ±6j. The direct sum 
decomposition reduces for the tensor product involving chiral modules: 



V f 



E V t+n,b + E V i+n+lb T ± ; ^2 # ±b 2 



n=0 



n=0 



E ^+«>6 > ^i,=F^i ® ^2,T^2 



n=0 



n=0 



8 



In Appendix C we discuss the modifications of ( |2.4.l| ) arising for finite-dimensional repre- 
sentations ||. 

For the proof of (2.4.1) one has to determine all possible lowest weight vectors appearing 
in the tensor product T^i 61 (S> V&fo- I* 1 t ne realization on functions of z,6,6 the space 
Vtuh ® Ve 2 ,b2 * s isomorphic to the space of polynomials on two even variables z±, z 2 and four 
odd variables 61,61,62,82 called for the sake of brevity two-point functions. The s£(2\l)- 
generators acting on the Vt x f>x ® Vl 2 ,b 2 are j us ^ the sums of corresponding generators acting 
in Vi-hi- The lowest weight vectors of the irreducible representations in the decomposition 
of Ve lt b 1 <8> Ve 2 ,b 2 are defined as the common solutions of the equations: 

S-$ = v~§ = = (2.4.2) 

which have the form 

z 2 ; 8 l ,8 2 ; 61, 8 2 ) = $ {Z12, 812, 6x2) (2.4.3) 

where 

Z12 = z\ — Z2 + - {8182 + 8182) ; 8 \2 = 8\ — 82 ; 612 =&\ — 82. 

Indeed, from (2.4.2) follows immediately that the function <i> has to be invariant with respect 
to global transformations ( [2.2.2 ). This invariance predicts the general form of <I>: 

e m- e av- e as- $( ZhZ2 .0 u e 2] e h e 2 ) = 

= $ Izi - a + 2 + z 2 - a + 2 + ^- ; 6>i + a, 2 + a; #i + /?, # 2 + /3 J 
and choosing a = Z2 + |# 2 # 2 , a = —82 , P = —#2 we obtain ( 2, 4. 3] ). 

There are additional restrictions of definite chirality for the lowest weights in the tensor 
product of the chiral modules: 

= $ = $ (Z 12 ± ^i 2 0i 2 , 0±) ; flf 2 = 6f - 8f 

D±$ = => $ = $ (z l2 T "#12012, »f 2 

Now, the lowest weight vectors in the decomposition of the tensor product are constructed 
from functions ( |2.4.3 ) being eigenfunctions of generators S and B. The eigenfunctions of 
the operator S are the polynomials with scaling dimension n and the eigenfunctions of the 
operator B are the polynomials with one of the possible [/(l)-charges: 0,±^. 
Finally we obtain that all lowest weights in the space Ve lt b 1 (g> Ve 2) b 2 are divided on two sets, 
the even lowest weights: 

<&± = [Zx2 ± ^12^12)" ; $ ± = , S$t = (n + , B$t = b$t (2-4.4) 

and the odd lowest weights: 

= 8 12 Z? 2 ; = 8 12 Z? 2 ; S*t = (n + l+ \)*t , B^ = Q>± (2.4.5) 

It is convenient to choose the chiral basis D^Q^ = f° r the even lowest weights. 

Thus we have obtained the full set of lowest weights appearing in the expansion of V|i,&i <g> 
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Vi 2 ^ 2 and this proves the direct sum decomposition in generic situation (|2.4.1 ). 



The modifications in the case of the tensor product of chiral modules are evident: the lowest 
weights in the tensor product of the chiral modules are obtained by imposing the chirality 
restrictions. All lowest weights in the space Vi x p^i x <8> Ve 2 ^ 2 , £2 7^ ±&2 are and and 
the lowest weights in the space Ve 1 ^e 1 ® Vt 2t ±£ 2 are All lowest weights in the space 
Vh,-ti ® Vfa,-e 2 are Qyi{z\~ — z^) 71 = and all lowest weights in the space Vt x t x ® Vi 2: i 2 
are 9 12 (zf - z+) n = 9+. 

3 Yang-Baxter equation and general operator R^(u) 



2 



Let Vi u bi \ i = 1,2,3 be three lowest weight s£(2|l)-modules. We shall use the short-hand 
notation: 

£ = (£,b) ; V^V^ 

Let us consider the three operators R^_(u) which are acting in <g> Vf and obey the 
Yang-Baxter equation in the space ® ® [23]: 



R Ui (u - v)R iiia (tt)R^ (v) = R Ua (v)R Ua ( U )R ij2 (u - v) (3.0.1) 

We are going to find the general solution Rg.g, (u) of Yang-Baxter equation by the following 
three steps. 

First one obtains the operator R?Au) in the simplest situation: £% = f for all i = 1,2,3 

so that the space V? = V_i _i has the minimal possible dimension: dimVV = 3. In the 

-, 2 ' 2 

second step we fix = f for i = 1,2 and obtain the solution Rjf for arbitrary I. In the 

third step we fix ^3 = / and using the result for the operator Rjy ± we obtain and solve the 
defining equation for the general R-matrix Rr? (u). It should be noted that the analogous 



approach was used for the derivation of the s^(2)-invariant R-matrix [22]. 
3.1 Fundamental solution Rff 

First one considers the simplest situation: £{ = — ^ , 6j = — ^ <-» £i = /j. We shall prove 



that the operator: 

Jijj 



[u)=u + T,P i:i ; Pij = ^2i~) B e j AB e j BA (3.1.1) 



AB 

where e AB are generators acting in the space V? , is the solution of the Yang-Baxter equa- 
tion ||: 

M /i/2 (n - v)R Mz (u)R Mz {v) = R^R^R^u - v) 

Indeed, the proof is the following. The Yang-Baxter equation has the simple form in short 
notations: 

(u-v + r]P 12 )(u + r]P 13 )(v + 7/P23) = (v + rjP 2 3)(u + i]P 13 )(u -v + r/P 12 ) 
Comparing operator coefficients of u k on both sides of this equation yields: 

u°: P12P13P23 = P23P13P12 (3.1.2) 
u 1 : -P13-P23 + P12P23 = P23P12 + P23-P13 (3.1.3) 



10 



Using ( 2.1.2; ) one can prove that the operator Pj,- is the permutation: 

Pij&AB — ^AB^ij ^* PijPjk — PikPij 



and this commutation relation for P^ allows to check that eqs. ( 3.1, 2D , ( |3,1.3 ) hold and this 
proves that K.?^ ( |3. 1 . 1[ ) obeys the Yang-Baxter equation. 

3.2 The solution for the operator K^u) 

We fix t{ = fi for i = 1, 2 and obtain the solution for arbitrary I. The operator: 

E^(u) = u + r]^2(-) B e A BE B A, 
AB 

where Eab are generators in arbitrary representation £, is the solution of the Yang-Baxter 
equation: 



The proof is the following [24] . The Yang-Baxter equation has the simple form in short-hand 
notations: 

{u-v + r)P 12 ){u + rie®l®E){v + r)l®e®E) = {v + r]l®e®E){u + r]e®l®E){u-v + r]Pi2) 
Matching operator coefficients of u k on both sides of this equality yields: 

u° : Pi 2 (e ® 1 ® P)(l ® e ® P) = (1 ® e ® P)(e ® 1 ® P)Pi 2 

u 1 : (e ® 1 P)(l ® e ® P) + P i2 (l ®e®P) = (l®e® P)P i2 + (1 ® e ® P)(e ® 1 ® P) 

The first equation is a simple consequence of the properties of Pi 2 . Using the fact that the 
matrices cab form a basis we obtain that the second equation is equivalent to the following 
system of equations: 

Eab ■ E CD - (_)(M)(c+S) EcD . Eab = 5(JbEad _ { _ ){ a + b ){ c + d) 5adEcb , 

This is nothing else but the commutation relations for generators Eab- 
Let us represent the operator under consideration: 

R f7 (u) = u + 

AB 

in the matrix form in the standard basis with the grading 1,3 = 0; 2 = 1: 






ei = u ; e 2 = i ; e 3 



We shall use the following definition of the matrix of an operator: 

Fe A = e B F BA , (3.2.1) 

which leads to the validity of the common rule for the matrix product, i.e. without additional 
sign factors, 

FGe A = e B {FG) BA ; (FG) BA = F bc G C a- 
11 



Let us calculate the matrix of R-operator using the definitions (|3.2.1|) and ( gXj) : 

(e AB E BA )e c = {-)^ +A)C e AB e c E BA = (-) {S+A)C e D (e AB ) DC E BA . 
Therefore the matrix element of operator e AB E BA has the form 

Y,(-) B (?abE B a)cd = {-f € E DC . 

AB 

Finally one obtains 

/ u + r]E u r]E 2 i 

^•fe( u ) = u + r] ^2{-) B e AB E BA = rjE 12 u - r]E 22 

AB y v Ei 3 rjE 23 

This is the expression for the g£(2|l)-invariant R-matrix. The s£(2|l)-invariant R-matrix 
can be derived from this result in a simple way: the operator K\ = En + E 22 + -E33 belongs 
to the center of the algebra and therefore the R-operator W^{u — f]K\) is also a solution 
of the Yang-Baxter equation. Using the connection between E AB and s£(2|l)-generators we 
obtain the s^(2|l)-invariant R-matrix [Il2| 




{ u + r)(S + B) -r)W~ rjS~ 
■qV + u + 2r]B t]V~ 

K 7]S + 7]W + U + 7]{B-S) 



3.3 General R-matrix Wig g (u) 

To obtain the defining relation for the general IR-operator we consider the special case 
i 3 = / in fljTtuP . Then one can choose the above matrix realization in Vg and the operators 
are linear functions of spectral parameter u in this particular case 



[u — TjKi) =U + T]1 



( Si + Bi 

V+ 2B, \r | I.J 




Now the general R-matrix M.g g (u) acting in the tensor product Vg (g> Vg of arbitrary mod- 
ules, is fixed by the condition 

R^ 2 (u-v)Rg J (u-r ] K 1 )Rg 2f (v- V K 1 ) = Ryiv-nK^R^u-rj^R^u-v) (3.3.1) 

or equivalently: 

~ v ) (7 + ^(^1 +M 2 ) + ^(M 2 - Mi) +1A 

™ + ^(R 2 + ^(Mi -M 2 ) +M2M1) - «)■ 

After separation of u + v and u — v dependence we obtain two equations(ii — v — > u): 

% 1& («)(Ri + R 2 ) = (Mi + Ra)Mfi & («) (3-3.2) 



k A {u) [ ^(R 2 - Mi) + MiM 2 j = ( j-(R 2 - Mi) + M 2 Mi ) % i£ ->) (3.3.3) 
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The first equation (|3.3.2 ) expresses the fact that IR(it) has to be invariant with respect to 
the action of s£(2|l)-algebra and the second equation is the wanted defining relation for the 
operator R^^(n). 

The s£(2|l)-invariance of the operator R^^(n) allows to simplify the problem. Due to 
s£(2|l)-invariance any eigenspace of the operator is a lowest weight s£(2|l)-module 

generated by some lowest weight eigenvector. Therefore without loss of generality we can 
solve the defining relation ( 3.3.3j ) in the space of lowest weights. Let us consider in more 
details the structure of eigenspace of the s£(2|l)-invariant operator acting on the tensor 
product V^fii ® V£ 2 b 2 - As we have seen from direct sum decomposition: 



oo 



V hM <g> V h , b2 = V i)b + 2 Vi +n ,b + Vg +nH 

n=l n=0 



oo 

-i + J2 V £+n+±,b+i 
n=0 



for every fixed n the space of lowest weight vectors with eigenvalue b is two-dimensional 
and the ones with eigenvalues b ± ^ are one-dimensional. Therefore the operator 
is diagonal on odd lowest weight vectors Vl/+ and but acts non-trivially on the two- 
dimensional subspace of even lowest weight vectors spanned on and <I>~. 
In matrix form we have: 



.(«) 



/ $+ 

^ n 




f A n {u) 


B n {u) 










( 


\ 


^ n 




C n {u) 


D n (u) 










K 




^+ 

n 










F n (u) 







n 




\ ^ n 


) 


V o 








E n (u) 


) 


\ ^~ 

\ ^ n 


J 



(3.3.4) 



The matrix relation ( [3.3.3 ) leads to a set of recurrence relations for the coefficients A n , ...,E n . 
Some details of calculations can be found in Appendix and here we present the final expres- 
sion for the general solution of these recurrence relations: 



A n { U ) = (-ir 
B n ( U ) = (-ir 

C n ( U ) = (-1) 



u + 6i 



. ^(u + ln + l) 

r(-u + ^ n ) ' (^-61)^2 + 62) 

r (u + l w + 1) (li + b 1 )(£ 2 -b 2 ) 

' (ii-h)(£ 2 + b 2 ) 

r(u + 4) 



(3.3.5) 



r(-u + 



+ 1 

; D n (u) = (-l) n+l 



r(-u + 4) ' " v "' v *' r(-u + £ n + i) 

h - b 2 )[l 2 + 6 2 ) (u - 61 - 6 2 ) - (u + 61 + 6 2 ) (u - 6 2 - 4) (u - 6 2 + h) 



E n {u) = (-1) 

Fn{u) = (-1) 

where we used the notations: 

/ 

11 



(h-h)(£ 2 + b 2 ) 
r(u + 4 + l) (u + 6i-^ 2 )(u + 6i+£ 2 

r(-u + £ n + i) 
n r (u + £ n + 1) 
r(-u + 4 + i) 



(4-61)^2 + 62) 

(u-6g -4)(u-6 2 + 4) 
(4-6i)(4 + 6 2 ) 



ra + 4+4; ; u = - + 61 - 6 2 - 
V 



As usual the obtained general solution of the Yang-Baxter equation is fixed up to overall 
normalization. We choose the normalization such that the R-matrix coincides with the per- 
mutation operator for u = and l\ = £ 2 . 
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The obtained R-matrix ( |3.3.4 ) acts on the space of two-point functions which are polyno- 



mials in Zi,0i,9i, i = 1,2. This holds also if the representation parameters £i,bi, i = 1,2 
correspond to chiral or antichiral cases. If one or both modules in the tensor product are 
chiral or antichiral then the tensor product representation space is a proper subspace of 



the space of all two-point polynomials (compare (2.4.1)). It is important to observe that 
in these cases the action of R-matrix can be consistently restricted to the corresponding 
subspace. Indeed, after multiplying with the overall factor (£i — &i)(^2 + &2) ; the matrix 
becomes triangular in these cases in the way as expected. We list the reduced R-matrices in 
all special cases involving chiral representations in Appendix B. 

4 Homogeneous periodic chain 

4.1 Commuting transfer matrices 

Let us construct the set of commuting s£(2|l)-invariant operators the generating function of 
which is the transfer- matrix T^(m). We construct T r ^(w) as the supertrace of a monodromy 
matrix built of the elementary IR-matrix blocks |24j . 

We introduce the N spaces and N operators BL^ ^ (u) : 

The periodicity convention N + 1 = 1 is implied. The monodromy matrix 

acts then on the space ® Vg (g) . . . ® Vg , and (u) is obtained by taking the supertrace 
in the auxiliary space V^: 

T A (u) = stry^R^). 
These monodromy matrices form the commutative family: 

T Al (u)T^ 2 (v) = T, A2 (v)T Al (u) (4.1.2) 

The relation ( |4 . 1 . 2| ) follows from the fact that there exists the operator M^ li? ^ 2 such that 

The IR-operator is even. Therefore by using standard arguments one derives an analogous 
equation for the monodromy matrices: 

- v)R^ 1 (u)R^ 2 (v) = R^v^^R^^u - v) (4.1.3) 

From this one can derive easily that corresponding traces and supertraces are commuting 
operators separately: 

T±(«) =tr VA R^(u) ; T± 1 (u)T+ 2 (v) = T± 2 (v)T+ i (u) 

TZ( U ) = st^R^u) ; T^(u)T^(t,) = T^(v)T^(u) 
but only T^(u) = T^u) is the generating function for the s£(2|l)-invariant operators. 
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Instead of giving the general proof we demonstrate all this on the example of T ^(u), 
where the auxiliary space corresponds to the fundamental representation. Let us represent 
T^{«) in the form: 

1W(u) = eAB^AB(u) 

where operators Tab(u) act in tensor product V? ® • • • <8> V? and we assume the summation 
over repeated indices. The general equation ( 4,1.3| ) has the form in this case 



u - v + r](-) C 'z l FG e GF\ e l AB^AB(u) €? cd T C d{v) = 

= e J CD TcD(v) e' AB T A B(u) [u - v + v(-) G e F G e GF . 
The traces and supertraces of generators ecD are calculated as follows: 

treAB = (eAB)cc = $AB ; stress = {-) C (e A B)cc = (~) A 5ab 

Using eAB^CD = 5cb&ad and taking (super-)traces in corresponding spaces one easily ob- 
tains: 

tr : T A a(u)T C c(v) = T C c(v)T A a(u), 

str : (-) A T A A(u)(-fT cc (v) = (-fT C c(v)(-) A T AA (u), 

The g£(2|l)-invariance can be demonstrated in the simplest example N = 2. The general- 
ization to arbitrary n is straightforward. 

T+(«) = tr (u + t/H^b^a) (u + v (-f e CD E 2 DC ) = 

= 3n 2 + ( E i AA + ^2 ^ + rfE\ B E 2 BA 

TZ( U ) = str (« + ni-feABEBA) (u + v (-f e CD E 2 DC ) = 

= u 2 + r ] u (E\ A + E 2 AA ) + r/ 2 (-)M B ^- 

We have seen (( |2.1.4| ) and discussion before) that only operators entering T~^(u) are g£(2 11)- 
invariant. 

4.2 Local Hamiltonians 

If one fixes the arbitrary representation rh = i and the same representations £\ = £2 = ■■■ = 
£n = i in remaining spaces V/ we obtain the generating functions of Hamiltonians. The local 
Hamiltonians can be obtained for the homogeneous (cj = 0) chain. The whole construction 
is quite general |25| . Let us calculate the first two coefficients in the Taylor expansion of the 
operator 

around the point u = 0. It is easy to see from the derived expression for the R-matrix that 
by condition t{ = £j = I the point u = is regular: 

R ll (0)=F fl (4.2.1) 
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where P is permutation operator. 

Indeed, the permutation operator P acts as follows on the lowest weight basis: 



P 



V *n J 



t 


i 












( $+ 

n 


\ 


1 















$>~ 










-1 









^+ 

n 




V o 








-1 


1 




\ ^~ 

\ * n 


) 



The expression for matrix coefficients of R-operator takes the simple form in homogeneous 
case (£\ = £ 2 , h = b 2 ): 



An (u) = (_l)n+i r _( U + ^ + l 

r f,,\ - < r(u + € n + i) 



r(-u + 4) (t + b)(£-b) 

r(u + . 



(4.2.2) 



-l) n : 



r(-u + . 



DW -f-l)rtJM_ u (u 2 - 2l 2 - 2b 2 ) 
n(Uj_( j T(-u + £ n + l)' (£ + b)(£-b) 



E n (u) = (-1)' 



r(u + £ n + i) (u + b-£)(u + b + . 



r(-u + £ n + i) 



(£ + b){£-b) 



where 



r(u + i ra + i) ( u -&-i)( u -& + i) 



7/ 

h = h = * ; h = b 2 = b ■ u =-■ £ n = n + 21. 

77 



The equality ( 4.2.1 ) can be easily checked. 

The first coefficient in the Taylor expansion of the operator Tg(u) is proportional to the 
operator of cyclic shift: 



P- - . .-P- - 

l N ,t N _ 1 t N -l,(-N-2 «2,*1 



1X0) = rtrv f P % P tt • • • = const ■ P, 

This is readily checked. First we move P^ to the right, then P? g to the right an so on 
and after all we use stry-P^y = const. 
The second coefficient has the form: 

T K°) = E rtri^P^ • • • %(0) • • • P rjtN 

i 

In order to simplify this expression let us consider the i-th term and move the Wf£ (0) to 
the right: 



str y? P,, ; ...P,, R>,(0)P, 



P„- 



strv-Prr ■••Pry P,v 



By moving first P?^ to the right, then P^ ^ and so on we transform the remaining term 



strv-P/r • • • P// P// • • • P// = const - P.- • • • P.- f ■■■ P.- 

On the last stage we multiply the obtained expression by the operator 



V(0) = (const)-P fi/2 ..-P 4 _ i/jv 
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from the left and obtain the following expression: 

i i i 

The resulting operator can be chosen as the Hamiltonian. It commutes with the integrals 
of motions generated by TJu) and is a sum of operators acting on two adjacent sites only. 
The two-particle Hamiltonians in the sum are 

W f i / i+1 = R f j / i+1 ( )- P f,/ i+1 
and have the following matrix elements: 

( mn + l) -Jir^m 

2 fi+l? — m ^ 



2^(4 + 1) + ^^jj 

26 



V 2 ^„ + l)-^p^+5y / 

(4.2.4) 

The eigenvalues of this matrix and corresponding eigenvalues can be easily calculated. 

5 Inhomogeneous open chain 
5.1 Integrals of motion 



In this section we shall consider the open spin chain [10]. To start with we introduce the 
operator TZg g (u): 

It is possible to derive the following commutation relation for lZ{u): 

R mi ,m 2 (u-v) -n Ai ^ (u) -R^ i?S2 («+«) -n^ £ (v) = n^ 2 ^ (v) -R^ i?B2 («+«) -n Ai ^ («) -k^ ,«„(«-«) 

It is evident that the operator TZ^(u) constructed from the monodromy matrix fl4.1.1| ) 

satisfies the analogous equation: 

(?*-t;) (u) -1^ ini2 («+?)) («) = Hfh 2 («)*S,,m 2 {u+v) 'Tiffin (u)-Rrni,m z (u~v) . 

Using this equation it is possible to show that corresponding supertraces are commuting 
operators: 

If one fixes the representation rh = f we obtain the generating function of integrals of 
motions for the open chain. 
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5.2 Local Hamiltonian 

Let us suppose that representations li and shifts c% in the product: 

R^u) = Rfciu + ci)%^(« + c 2 )..M r j N {u + cjy) 

are fixed as follows: 

i 2 = £ 3 = .J N _ X ={■ c 2 = c 3 = ...c N -i = % ,-<0) = P/. r , i = 2, 



,n - 1, 



where P is simply the permutation. In the case of s£(2) there exist integrable nearest 
neighbour interactions for this slightly inhomogeneous chain |16|| . We extend this result to 
the case of s£(2\l) and construct the corresponding Hamiltonians. 
The R-matrix ( |3.3.4 ) obeys the equation: 

• R i2/l (~u) = P(u) • 1 (5.2.1) 

where right side of equation is proportional of unit operator and P(u) is the function: 

(u + h - £ 2 )(u + h + £ 2 )(u -b 2 + h)(u -b 2 - h) 



P{u) 



(ii-h)(£x + h)(£ 2 -b 2 )(£ 2 + b 2 ) 



which follows from the expression for matrix elements of the R-matrix ( |3.3.5 ). The explicit 
form of the matrix 



tS~ u } ls * ne f° nowm g : 



( D n {-u) C n {-u) \ 

B n {-u) A n {-u) 

Fn(-u) 

\ E_ n {u) ) 



where the matrix elements A n ,B n , ... are obtained from the elements A n ,B n , ... by formal 
change of variables £\ <-> £ 2 and b\ <^>b 2 . Due to equation ( |5.2.1| ) we have 



(5.2.2) 



so that we can use the operator R^ £ 1 (~ u ) instead of operator M- - (u). This changes the 
normalization of the operator 7^(ii) only. 

Let us calculate the first two coefficients in the Taylor expansion of the operator 
T^u) = stx v M^(u + ci) . . . T&ty N (u + c N )Rf N ^u - c N ) . . . R^giu - ci). 

The first coefficient is proportional to the unit operator for arbitrary representations £{ and 
shifts C{ due to the property Q5.2.2 ), 

7^0) = str y ,R^( Cl ) . . . R i/N (c N )R iN /-c N ) . . . ~ str Vf 1. 

Let us introduce the short-hand notation 



(5.2.3) 



and calculate the expression for 2/(0) which contains several terms , 

Tl(0) = str Vi H a (c 1 )+ S tr Vi R a (c 1 )H a (0)R ii /-c 1 )+ 



18 



i=2...JV 

Note that this formula is true for C2 = • • • cjv-i = only. Let us consider each term 
separately. The first term is constant 

stry_.7-^r (cj) = const 

The i-th. term in the sum can be transformed easily to the simpler expression 

tr^R^d) • ■■F m _H m (c t )F^ ui . ■■R il /-c 1 ) = H^ici) • str^l 

It turns out that the second term can be transformed to the analogous form too (remember 
c 2 = 0) 

str^R^- (01)^(0)^^-0!) = ?%/ 2 (-ci) • strvj.1 + const (5.2.4) 
For the proof we start from the Yang-Baxter equation 

differentiate this equation with respect to u and then put v = —u: 

M^WPiPtJ-*) + % 2 />)%K°)% 1 /-") = 

= %/-«)R&/0)R &/i (u) +% lfj (-«)P^ A («), 
then multiply both sides of the obtained equation by the permutation P^* ^from the left (£2 = £)■ 

= R riA (-«)P^/0)R &>ri («)+% l|6 (-«)K^ /i («), 
and calculate stry-. using the equalities: 

stry | .R^- i (u)R|- i) |{-w) = consi ; stry f P^^-R^^O) = const. 

After all we obtain 

S tr yf R a (n)R;-. /2 (0)P 4| R /i ^-<-«) = R ii/2 (-u)R' i2/i (u) ■ str^l + const 

and using the evident identity (consequence of eq. ( |5.2.1| )): 

RaH^AW = E k/ 2 («) + const 

we arrive at the general formula: 

strvM^ujH^JfyR^^-u) = Ti^^-u) ■ stry f 1 + const 
Finally we obtain the following representation for Tl(<S): 

N-l 

7^(0)^(0) = ^- l/2 (-ci) + E H Ci/< (0) + H iN _ i/N (-c N ) + const 

i=3 

This operator, commuting with all integrals of motions, is a sum of two-particle operators 
and can be considered as the Hamiltonian. The two-particle Hamiltonians entering the sum 
can be easily calculated from the universal R- matrix by ( 5.2. 3| ). The expression for the 
Tip i f.(0) coincides with the two-particle Hamiltonian for the periodic chain (4.2.4) up to 
overall coefficient two but the expression for the Tip p (c) is rather lengthy to be presented 
here. 
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6 Conclusions 



In this paper we have obtained the general solution of the Yang-Baxter equation acting on 
the tensor product of arbitrary representations of the superalgebra s£(2\l). 

We have represented the lowest weight module of s£(2|l) by polynomials in one even (z) 
and two odd (0,6) variables. Therefore the general R-matrices is an operator acting on 
two-point functions being polynomials in the two sets of variables (z\, 0%, 0\) and (z 2 , 02,02)- 
Instead of calculating this operator explicitly we have obtained its matrix elements on the 
space of lowest weights. The eigenfunctions and eigenvalues can be easily calculated from 
the obtained matrix. 

From the general R-matrix for two isomorphic representations we have calculated the nearest 
neighbour interaction Hamiltonians for an homogeneous closed chain. The result applies 
both for the finite and infinite-dimensional representations on the sites. 

Using the general R-matrix an integrable open chain can be constructed with arbitrary 
isomorphic representations on the inner sites and other arbitrary representations at the end 
points. The nearest neighbour interaction Hamiltonian has been calculated. 
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8 Appendix A 



In this Appendix we discuss briefly the derivation of the expression ( 3.3. 5| ) for the general 
R-matrix. 

In matrix form the defining relation for the R-matrix reads as follows: 

% xfa (u)K AB = K AB R M2 (u); A, B = 1,2,3. (8.0.5) 



where: 



K n K 12 K 13 
K 2 i K22 K23 
K31 K32 -K33 



K= \ K 2 i K22 K 23 I = ^-(R 2 -Ei)+RiR 2 ; ir = ^(R 2 -R 1 ) + R 2 ]R 1 . 

2rj 2rj 



The matrix element Kab can be obtained from Kab by formal substitution 1 <-> 2 and 
u «-> —u: 

l\,b\,Z\ <-> £ 2 , h, Z 2 ; u <-> -u, 

where Z = (z, 8, 0). 

The operators Kab and lowest weights transform as follows: 

Kab - Kab ; ^ - (-l) n <^ ; ^ - (-l) n+1 ^- 
There are nine equations and we start from the simplest one. 
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8.1 Equation RK 13 = K 13 R 

The operator K\ 3 commutes with the lowering generators V~ ,W~ , S~ and the covariant 
derivatives Df. Therefore operator K\ 3 maps lowest weight vectors with definite chirality 
to lowest weight vector with the same chirality and decrease its power by one: 

The explicit calculation gives: 

a+(u) = n(u + £ n ) ; a~(u) = n(u + 4 - 1) ; /3±(u) = n(u + £ n ), 

where: 

4 = n + h + i 2 ; u = - + 61 - b 2 . 

7] 

The action of operator Ki 3 on lowest weights vectors can be obtained from formulae for K\ 3 
by formal substitution i\,b\,Z\ <-> £2, b 2 , ^2 and u <-> — u: 

K 13 $± = -oJC-u)*^! ; K 13 *t = -Pn(-U)*n-1- 

We project the operator equation RK\ 3 = Ki 3 R onto the lowest weight vectors <3?^: 

RK 13 <Z>+ = K 13 R& n 



Q+(U)K_1$+_ 1 + B n _i$ n _!] = -A n Q n (-u)*+_! " ^(-U)^.! 
«n W[Cn-l^n-l + D n-lK-l\ = -Cn«^(-u)*+_i - L> n a+(-u)$-_ 1 

which results in the recurrent relations: 

q+(u)^„_i = -a~(-u)Ai ; a+(u)5 n „i = -a+(-u) J B n 

a~(u)C n _i = -a~(-u)C n ; a~(u)D n _i = -a+(-u)D n 
with the following general solution: 

4 f,A _ 4r n n+i r ( U + 4 + l) _ r(u + £ w + l) 

The projection onto the odd lowest weight vectors ^ leads to analogous recurrent relations 

/3 n (u)F n _! = -p n (- u )F n ; /?„(u)£ n _i = -p n {-u)E n 
with general solution: 

p ^ - F ( d" r ( u + ^ + i) . p , , _ Fr r(u + 4 + i) 
^ (n) - r(-u + 4 + i) ' Fn(u) " r(-u + 4 + i)- 

We see that equation RK\ 3 = K\ 3 R fixes the n-dependence of the matrix elements of R- 
matrix. The remaining equations fix the coefficients A, B, ... up to overall normalization. 
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8.2 Equation RK 12 = K 12 R 

Due to commutativity of the operator K\ 2 with lowering generators W~,S~ we can write 
down the general formulae for the action of operator K\ 2 on even lowest weight vectors: 

K 12 ^ = a ± W+*+_ 1 + b^W+Q-^ + c^-_ v 
The coefficients a 1 * 1 and 6 ± can be calculated using the following commutation relation: 

{V-,K 12 } = K 13 . 
Remembering the known results for operator K13 

{V-,K 12 } = K 13 V-K 12 $t = K lz <S>t = «n(u)^ti 
and the simple formula (6 = b\ + b 2 ): 

V-W + <5>i = -(4 + 6)*± F-K 12 $± = -a±(4-i + b)^-i - 6±(4-i + 
we obtain: 

(4-1 + 6)a + = -a+(u) , 6+ = ; aT = , (4-1 + 6)6" = -o£(u). 
The coefficient c + can be calculated using the commutativity of K\ 2 and Df: 
{D+,K 12 } = D+K 12 ^+ = a + D+W + ^+_ 1 + c+Df^ = 
and the simple formulae: 

= (4 + 6i)*+_! ; £>+¥-_! = -<!>+_!■ 

We obtain 

(4 + &i)a + = c+. 

The coefficient c~ can be calculated using the commutation relation with the covariant 
derivative D^: 

{D+, K 12 } = D+W{ + (t 2 + b 2 )S^ 
£ 2 + ifi 2 <&; = 6- J D 2 + W + $-_ 1 + c-Djtf-.! = (4 + baJSf*- 
and the formulae: 

D 2 +^ + $-_ 1 = (4 + 62)*-.! ; D 2 + *n-l = *n-l J = -n$-_!. 

We obtain 

(4 + b 2 )b~ + c" = -n(4 + 62). 

Finally we have (b = b\ + 62): 

Kl2 $- = _ 1 + ^-&i-M(^ + 6 2 ) 

Al2 ^™ 4-1 + 6 4-1 + 6 
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The analogous calculations for odd lowest weight vectors give: 

12 n i n + b n - l+ i n + b n+ n(e n + b) ^n,^i2^ n e n _ 1 + b 

The expression for the action of the operator K\ 2 is obtained by symmetry: 



«n(~u) w+ ^- a+(-u)(£ 2 + b 2 ) 

4-1 + 6 4-1 + 6 



R l2 ^ = M-A W+ ^ > + 6)(4 + 6Q /3„(-u)(4 + 6 2 ) . fl,(-u) 

The projection of the operator equation Ri42 = ^"12®- onto lowest weight vectors leads to 
the following new recurrent relations (b = b\ + b 2 ): 

RK 12 <f>+ = K 12 m+ (8.2.1) 

(4 + 6i)a+(u)£; n _i = n(4 + 61) (u + b)A n + (4 + b 2 )a+(-u)B n 
RK 12 $- = K 12 R<5>~ => 
-n(4 + 6 2 ) (u - 6)£ n _i = n(4 + &i)(u + 61 + b 2 )C n + (4 + b 2 )a+{-u)D n 

RK 13 <f>+ = R 13 m+ 
n(4 + 6 2 )(u - &)A n + (4 + &i)&(u)C n = -(4 + 6 2 )/?n(-u)F n 
n(4 + 62) (u - 6)£ n + (4 + &i)A»(ti)A» = n(4 + 61) (u + 61 + b 2 )F n 

8.3 Equation RK 23 = K 23 R 

There exists an automorphism of the algebra s£(2\l): 

W ± «-► V ± ; -B 

which has the following form in our representation: 

6^6 ; b<->-b. 

Due to this automorphism the matrix Kab has definite symmetry properties with respect 
to the transformation: 

4, zi <-> 4, ^2 ; 6*i, 4 <-> -0 2 , -62 

The operators ^12,-^23 and lowest weights transform as follows: 

^12 - K 23 ; <&± ~ (-lf^ ; *t <- ("l) n+1 ^- 

This symmetry allows to use the results of previous section and write down the formulae for 
the action of the operator K 23 on lowest weight vectors (b = b\ + b 2 ): 
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K 2 ^- = Q "( u ) y+$- 1 + nju + b^h-h) 



M^ly^- (u + 6)(4-6 x ) + _ ^(u)(^ 2 -6 2 ) . + = W + . 
4-6 4-6 n n(4-6) 23 n 4-1-6 



K 2S $- = _ a+(-u)(^i-&i) + 

23 n 4-i -6 4-i-6 



K 2S $+ = _ Q n(~u) + + _ n(u-6)(4~6 2 ) + 
u <-n— 1 



K 23 *- = _MZ±V*- ( u - fc )(^ - 6 2 ) $ - + fl»(-u)(li ~ **) $ + . = _ M-u) 

23 n 4-6 4-6 " n(4-6) n ' 23 " 4-1-6 

The projection of the operator equation IR-?T 2 3 = K23M. onto lowest weight vectors leads to 
the following new recurrent relations (6 = &i + 6 2 ): 

RK 23 $+ = K 23 R$+ => (8.3.1) 

(4 - 6 2 )a+(u)F n _ 1 = n(4 - 6 2 )(u - b)A n + (4 - b l )a+(-u)B n 

rk 23 <s>- = R 23 m- =^ 

-n(4 - 6i)(u + 6)F„_! = n(4 - 6 2 )(u - b)C n + (4 - 6i)a+(-u) J D ri 

Rtf 23 $+ = i4 3 M$+ => 

n(4 - 6i)(u + b)A n + (4 - 6 2 )/3 n (u)C n = -(4 - 6i)/3 n (-u)£ n 

rc(4 - b!)(u + + (4 - b 2 )(3 n (u)D n = n(4 - 6 2 )(u - b)E n 

The systems of equations (|8.2.1|) , ( |S.2,1| ) fix the coefficients A,B,C... up two arbitrary con- 
stants. The next operator equation Rifn = ^"nl fixes the remaining ambiguity but we 
avoid presenting the rather lengthy formulae here. Alternatively the missing equation can 
be obtained as follows. The even lowest weight vectors coincide for n = 0. Therefore 
one obtains: 

M<1>+ = m -A(u + i )+B = £tl±M _ D 

u + 4 u + 4 

Finally the systems ( |3,2.1| ), ( |8.3.1 ) and this last equation fix the solution completely: 

A = u + 6i - 6 2 ; B = (4 + 6i)(4 - 6 2 ) ; C = (4 - 6i)(4 + 6 2 ) 

D = (£ 2 - 6 2 )(4 + 6 2 ) (u - 6i - 6 2 ) - (u + 6i + 6 2 ) (u - 6 2 - 4) (u - 6 2 + 4) 

E = (u + 6i - 4)(u + 6i + 4) ; F = (u - 6 2 - 4)(u - 6 2 + 4). 

We have checked that obtained R-matrix really is the solution also of the remaining seven 
equations but the involved formulae become rather lengthy starting from the equation 
RKii = KuR. 
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9 Appendix B 

The R-matrix acting in the tensor product of chiral modules can be obtained by simple 
reduction from the general R-matrix ( |3.3.4 ) . First of all we have to change the overall 
normalization multiplying all matrix elements by the factor (£i — bx) {£2 + 62)- Let us consider 
all possible special cases: 

1. chiral at 1, generic at 2 

00 00 

V tu - tl ® Ve 2 ,b 2 = V *+n,b + £ V e+n+ i ;b _i ; £ 2 + ±b 2 ; -» V i+n>b ; -> V e _ 

n=0 n=0 

%,<»)(!H-(T 

2. antichiral at 1, generic at 2 

00 00 

® ^2,62 = 2 ^+™> b + X ^+n+i 6+i ; £ 2 / ±^2 ; $n -» V t+nJb \ #~ -► V e+n+ l fi+ i 
n=0 n II 

, n+1 r(u + ^ n ) ^ B L , _ ^ iNn r(u + 4 + i) 



£> n («) = + ^ , ' ^ • (U - 4 - 62) J £n(«) = ("I)' 



r(-u + ^ n + i) v " w v ' r(-u + £ n + i) 

3. chiral at 1, antichiral at 2 

00 

^1 ® Vt 2 ,e a = v e+n,b ; $n -> Ve+n,b 

n=0 

% 1& (u)*+ = R • A n (u)$+ ; A» = (-l)«L^±^+l) 



4. antichiral at 1, chiral at 2 



n=0 

t &fa («)*- = • £>„(«)*- ; A» = (-1)" r(u + At) 



r(-u + 4 + i) 

5. antichiral at 1 and 2 

00 



n=0 



%f>)*n = « • E n{u)^n J ^(U) = (-l) % r ( i U u + A+ l !) 

6. chiral at 1 and 2 

00 

n=0 

= R ■ F n (u)*+ ; F n (u) = (_i)»J^t^±i^ 
Note that we do not fix the overall normalization of the obtained R-matrix. 
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10 Appendix C 

In this Appendix we discuss shortly the case of finite-dimensional representations and show 
that the obtained general R-matrix reduces to the known ones Q for the tensor product of 
modules with minimal dimensions. 

The tensor product of two finite-dimensional s^(2|l)-modules has the following direct 
sum decomposition Q : 

N-l N-l N-l 

V ilM <8> V htb2 = Vifi + Vt +Njb + 2 V e+n,b + Yl V l+n+\,b-\ + Yl V i+n+\,b+\ ; £ i + ±b * 

n=l n=0 n=0 

(10.0.2) 

£i = -y , m > 2 ; £ 2 = ~y > n 2 > 2 ; iV = min(n 1 ,n 2 ) ; £ = ; b = 6 X + 6 2 

Note that this formula is applicable in the generic situation ^ ±bi , £j 7^ — 1/2. The direct 

sum decomposition reduces for the module V_ 1 . : 

2 >° 

V tl>bl ®V_x M = Ve tb +V e+ltb +V e+ i fi _i+V e+ i M i ; £ = -^7^ , 6 = h+b 2 ; m > 2 , £ 2 = -~ 

V_ hbl V_ hb2 = V-y, + V_i j6 _i + V_i i6+ i ; 6 = 6! + 6 2 , t x = h = -\. 
The origin of modifications for the tensor product involving the V_i .-module is very simple. 



2 ' 

The module V_i h is the four-dimensional vector space with the following basis: 

2 >° 

$o = i; <5>i = z + boe- = 9 , % = e. 

It is evident that we are able to construct the following two-point lowest weight vectors only: 

11- 

V iljh ® V_x M ^ = $ Q = 1 ; (fe 2 - -)$+ - (fe 2 + -)$- ; $+ = 12 ; $ Q = 6 12 . 

Note that 

(6 2 - - (6 2 + ^)$o = -21 + + z 2 + M 2 £ 2 + (62 - i)0i02 - (62 + ^)M 2 , 

^1, 6l ® K.i b2 <-► $J = *o = 1 ; *o~ = ?L2 ; *o = i2- 



Let us consider the general R-matrix ( 3.3.4 ) acting in the tensor product V_ 1 6 (8> V_i 
In this case we have: 

= + S (u)) • Pi + • P 2 + F («) • P 3 

where Pj are projectors on the modules in the direct sum decomposition: 

V_ hh ® V_i j6a = + V_ hb _i + V_ hb+l ■ 1 b = b 1 + b 2 , £ 1= £ 2 = - 1 - 

Pi -» F_i,6 ; P 2 -» V_i b _i ; P 3 -> V_i 6+i . 

2'" 2 2 '"^2 

After a simple calculation one obtains: 

M M F 2u ~ 1 + 2fel F 1 2u-l-2b 2 

- P i + 2u + l-26 2 • P2 + 2u + l + 2 &1 • Ps - 
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This result coincides with the expression for the R-matrix given in ||: 

W 4/i + I-61-62 4^ + l + 6 1 + 6 2 

up to the overall normalization and a redefinition of the spectral parameter: 

61-62 
P 2 

The direct sum decomposition for the tensor product of the chiral modules (atypical repre- 
sentations) is well known Now we need the simplest ones: 



V_i 1 ® V_i , = V- hh + V_i b _i ; 6 = 61 + 6 2 , h = £ 2 = -- , 61 



1 l, 1 

- , 61 = - 

2 ' 2 



Let us consider the R-matrix ( |3.3.4 ) acting in the tensor product V_i 1 <8> V_i 6a . In this 



case we have (see Appendix B): 

% if2 (u)=A (u)-Pi + Fo(«)-P 2 
where P, are projectors on the modules in the direct sum decomposition: 

Pi^F_i j6 ; ¥ 2 ^V_i b _i. 

2 >" 2 

After a simple calculation one obtains: 

R,,( U )~P 1 + 2U ~ 1 ~ 262 -P 2 . 
/i/ a V ^ 1T 2u + 2 

This result also coincides with the expression for such a M-matrix given in ||. 
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